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THOMASON COHOMOLOGY OF CATEGORIES
IMMA GA´LVEZ-CARRILLO, FRANK NEUMANN, AND ANDREW TONKS
ABSTRACT. We introduce cohomology and homology theories for small
categories with general coefficient systems from simplex categories first
studied by Thomason. These theories generalize at once Baues-Wirsching
cohomology and homology and othermore classical theories. We analyze
naturality and functoriality properties of these theories and construct
associated spectral sequences for functors between small categories.
INTRODUCTION
In this article we introduce a new cohomology theory for small
categories with very general coefficient systems. For any small category
C we define a cohomology theory with coefficients being functors from
the simplex category∆/C to abelian categories. Functors of this kind were
studied by Thomason in his notebooks in order to define very general
notions of homotopy limits and to analyze their functoriality properties
[27]. It turns out that these general coefficient systems, which we will
call Thomason natural sytems, provide also a systematic way to study
the cohomology of small categories, especially with respect to general
naturality and functoriality properties. This cohomology theory, called
Thomason cohomology here, generalizes Baues-Wirsching cohomology,
whose coefficients instead are functors from the factorization category
FC to abelian categories. Baues-Wirsching cohomology was introduced
in [2] to study systematically linear extensions of categories appearing
in algebra and homotopy theory. Dually, we also introduce Thomason
homology for small categories using contravariant Thomason natural
systems generalizing Baues-Wirsching homology as introduced by the
authors in [11]. The naturality and functoriality of these theories using
functors from simplex categories as coefficients immediately extend the
functoriality properties of Baues-Wirsching theories as discussed before in
[2], [20], [22] and [11].
In the first part we will introduce Thomason natural systems as functors
from the simplex category of a given small category into an abelian
category, define the cohomology and homology theories with respect
to these general coefficient systems and analyze their basic homological
properties. In the second part we then compare these cohomology and
homology theories with other theories studied before in the literature.
Key words and phrases. Cohomology and homology theories for small categories, Baues-
Wirsching cohomology, Thomason natural systems, Grothendieck fibrations.
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In particular we will discuss how Thomason cohomology generalizes
Baues-Wirsching cohomology and therefore also other classical theories
like Hochschild-Mitchell cohomology and cohomology of categories with
local and constant coefficient systems. We then analyze the functoriality
of Thomason cohomology and homology with respect to a given functor
between small categories and construct Leray type spectral sequences in
particular situations, including the cases when the functor is part of an
adjoint pair and when it is a Grothendieck fibration. This uses the general
constructions of spectral sequences for cohomology and homology of small
categories as developed systematically in [11]. As a bonus, naturality and
functoriality properties of Baues-Wirsching cohomology and other classical
cohomology theories of small categories will follow almost immediately.
Though we will be working here exclusively within the categorical
framework, it is possible by using the identification of the simplex category
∆/C of C with the category of simplices ∆/N (C ) of the simplical
nerve N (C ) to relate Thomason cohomology and homology with the
cohomology and homology of simplicial sets and associated Leray-Serre
spectral sequences as discussed in [10], [4], [7] and [15]. The categorical
framework presented here has the advantage of being more direct and
not relying on any homotopical framework, therefore providing a purely
categorical framework for the study of cohomology of simplicial sets. A
systematic study of the relationship between the categorical framework
and the simplicial constructions will appear in a sequel to this article.
1. THOMASON (CO)HOMOLOGY OF CATEGORIES
1.1. Categories of simplices. Recall that the standard simplex category ∆ is
the category whose objects are the nonempty finite ordered sets [m] = {0 <
1 < · · · < m} and morphisms are order preserving functions. We may
regard each [m] as a category and ∆ as the corresponding full subcategory
of the category Cat of small categories.
Definition 1.1. The simplex category ∆/C of a small category C is the
category whose object set is the set of pairs ([n], f), where [n] is an object of
∆ and f : [n] → C is a functor, and whose morphisms ([n], f) −→ ([m], g)
are morphisms σ : [n]→ [m] of ∆with f = g ◦ σ.
Thus objects ([n], f) of ∆/C can be interpreted as elements of the
simplicial nerve N (C ) of C . We will often omit the [n] from the notation
and regard objects as diagrams
f = (C0
f1
←− C1
f2
←− · · ·
fn
←− Cn)
The morphisms of ∆/C are generated by omitting or repeating objects Ci
in such diagrams.
Equivalently the simplex category of C is the Grothendieck construction
of the contravariant diagram of discrete categories given by the simplicial
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nerve N (C ) of C ,
∆/C ∼=
∫
∆op
N (C ) where N (C ) : ∆op → Sets→ Cat.
More generally, if X is an arbitrary simplicial set then its simplex category
∆/X is defined as the category whose objects are pairs ([n], x) for x ∈ Xn
and whose morphisms ([n], x) → ([m], y) are morphisms σ : [n] → [m]
of ∆ with x = σ∗y. The simplex category ∆/C of a small category C
can therefore be identified with the simplex category∆/N (C ) of the nerve
N (C ). It was shown by Latch [16] that the functor ∆/− : ∆opSets → Cat
from simplicial sets to small categories is homotopy inverse to the nerve
functor N : Cat → ∆opSets. Therefore constructions using the simplex
category ∆/C correspond to constructions with the category of simplices
∆/N (C ).
1.2. (Co)homology of categories with Thomason natural systems as
coefficients. We define cohomology and homology theories for small
categories with very general coefficient systems introduced by Thomason
to define abstract notions of homotopy limits and colimits [27].
Definition 1.2. Let M be a category. A functor T : ∆/C → M is called
a Thomason natural system with values in M . If ([n], g ◦ σ) → ([m], g) is a
morphism in ∆/C for some σ : [n]→ [m] in ∆, then
σ∗ : T (g ◦ σ)→ T (g)
denotes the induced morphism in M .
Here we will mainly consider Thomason natural systems with values in
an abelian category A . Particular cases include the category Ab of abelian
groups and the abelian category R-Mod of (left) R-modules for a ring R.
We define now the Thomason cohomology of a small category as follows:
Definition 1.3. Let C be a small category and let T : ∆/C → A be a
Thomason natural system with values in a complete abelian category A
with exact products. We define the Thomason cochain complex C∗Th(C , T ) by
CnTh(C , T ) :=
∏
([n],f)∈∆/C
T (f)
for each integer n ≥ 0, with the differential
d =
n+1∑
i=0
(−1)idi :
∏
[n]
f
→C
T (f) −→
∏
[n+1]
g
→C
T (g).
Here the morphism di is induced by the coface maps δ
i : [n]→ [n+ 1],
di
(
(af )
[n]
f
→C
)
=
(
δi∗(ag◦δi)
)
[n+1]
g
→C
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on all sequences of elements af ∈ T (f).
The n-th Thomason cohomology is defined as the cohomology of this
complex,
HnTh(C , T ) := H
n(C∗Th(C , T ), d).
Thomason cohomology can also be expressed as the cohomology of the
cosimplicial replacement of the functor T : ∆/C → A . Recall from [27]
that the cosimplicial replacement of any functor T : ∆/C → M is defined as
the cosimplicial object
∏
∗T : ∆→ M with∏n
T =
∏
[n]
f
→C
T (f).
For a morphism σ : [n] → [m] in ∆, the cosimplicial structure map∏nT → ∏mT is defined by requiring that the component corresponding
to g : [m] → C is the projection onto the component corresponding to
g ◦ σ : [n] → C followed by σ∗ : T (g ◦ σ) → T (g). When M is an abelian
category, cohomology of a cosimplicial object is that of the corresponding
cochain complex.
For any abelian category A , let NatSTh(A ) be the category whose
objects are the Thomason natural systems T : ∆/C → A with values in A ,
in which a morphism (ϕ, τ) : T1 → T2 between Thomason natural systems
∆/Ci
Ti−→ A consists of a functor ϕ : C2 → C1 and a natural transformation
τ : T1 ◦ ∆/ϕ −→ T2. The composition of morphisms is indicated in the
following diagram,
∆/C1
T1
&&▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
▼
∆/C2
∆/ϕ
oo
τ
=⇒ T2
υ
=⇒

∆/C3
∆/ψ
oo
T3
xxqqq
qq
qq
qq
qq
qq
qq
A
Then the Thomason cochain complex defines in fact a functor
C∗Th : NatS
Th(A )→ CoChn(A ), C∗Th(T ) := C
∗
Th(C , T )
from the category of Thomason natural systems with values in the abelian
category A to the category of cochain complexes of A . The functor C∗Th is
defined on objects as above, and on morphisms by
C∗Th(ϕ, τ) : C
∗
Th(C1, T1) −→ C
∗
Th(C2, T2)
(af )
[n]
f
→C1
7−→ (τg(aϕ◦g))[n] g→C2
Thomason cohomology is then a functor from NatSTh(A ) to the category
of graded objects in A .
Dually, we can define the Thomason homology of a small category:
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Definition 1.4. Let C be a small category and let T : (∆/C )op → A
be a contravariant Thomason natural system with values in a cocomplete
abelian category A with exact coproducts. We define the Thomason chain
complex CTh
∗
(C , T ) by
CThn (C , T ) :=
⊕
([n],f)∈∆/C
T (f)
for each integer n ≥ 0, with the differential⊕
[n+1]
f
→C
T (f)
d
−→
⊕
[n]
g
→C
T (g)
af 7→
n+1∑
i=0
(−1)i(δi)∗(af )
where (δi)∗ : T (f)→ T (fδi) is induced by the coface map δi : [n]→ [n+1].
The n-th Thomason homology is defined as
HThn (C , T ) := Hn(C
Th
∗
(C , T ), d).
This can also be expressed as the homology of the simplicial replacement∐
∗
T : ∆op → A of the functor T : (∆/C )op → A , where∐
n
T =
⊕
[n]
f
→C
T (f)
and, for a morphism σ : [m] → [n] in ∆, the simplicial structure map∐
nT →
∐
mT is defined on the component corresponding to f : [n] → C
by σ∗ : T (f)→ T (f ◦ σ).
LetNatSTh(A ) be the category with objects the contravariant Thomason
natural systems T : (∆/C )op → A , in which a morphism (ϕ, τ) : T1 → T2
is given by a functor ϕ : C1 → C2 together with a natural transformation
τ : T1 → T2 ◦ ∆/ϕ. The composition of morphisms is indicated in the
following diagram,
(∆/C1)
op
T1
((PP
PP
PP
PP
PP
PP
PP
PP
PP
∆/ϕ // (∆/C2)
op
τ
=⇒ T2
υ
=⇒

∆/ψ // (∆/C3)
op
T3
vv♥♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
♥
A
The Thomason chain complex defines a functor
CTh
∗
: NatSTh(A )→ Chn(A ), C
Th
∗
(T ) := CTh
∗
(C , T ).
where for morphisms we define
CTh
∗
(ϕ, τ) : CTh
∗
(C1, T1) −→ C
Th
∗
(C2, T2)
using the maps
τf : T1(f) −→ T2(ϕ ◦ f).
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1.3. Basic properties of Thomason (co)homology. Let T : ∆/C → A be
a Thomason natural system with values in a complete abelian category A
with exact products. There is a contravariant functor from A to the functor
category of Ab-valued Thomason natural systems,
HomA (−, T (−)) : A −→ Fun(∆/C ,Ab)
op,
defined on objects A of A by the functors HomA (A,T (−)) : ∆/C → Ab
and onmorphisms f : A→ B in A by the induced natural transformations
ηf : HomA (B,T (−))→ HomA (A,T (−)).
The right adjoint of this functor is
Hom∆/C (−, T ) : Fun(∆/C ,Ab)
op −→ A ,
and varying T gives the bifunctor
Hom∆/C (−,−) : Fun(∆/C ,Ab)
op × Fun(∆/C ,A ) −→ A ,
termed the symbolic hom functor (see [9], [14, Remark 2.3]).
Proposition 1.5. The symbolic hom functor satisfies:
(1) If ZHom∆/C (−,−) : (∆/C )
op × ∆/C → Ab is the bifunctor sending
(f, g) to the free abelian group on the set Hom∆/C (f, g), then there is a
natural isomorphism
Hom∆/C (ZHom∆/C (f,−), T (−)) ∼= T (f).
(2) If Z : ∆/C → Ab is the constant Thomason natural system, i. e. the
functor with constant value the abelian group Z, then there is a natural
isomorphism
Hom∆/C (Z, T ) ∼= lim∆/CT.
Proof. These results are well known in the special case A = Ab, and
the general case follows by standard arguments using the adjunction.
For (1), morphisms from an object A of A to the left hand side
are in bijection with natural transformations between the two functors
ZHom∆/C (f,−), HomA (A,T (−))) : ∆/C → Ab, which are in turn in
bijection with the morphisms from A to the right hand side (by Yoneda).
The natural isomorphism in (1) follows. The proof of (2) is similar, and
may be found for example in [23, Lemma 4.3.1] or [21]. 
The corresponding derived functors are therefore also naturally
isomorphic (see [21, III.1, III.7], [14, Sect. 2]), i. e.
Extn∆/C (Z, T )
∼= limn∆/CT.
In the case A = Ab this gives the usual Ext-functor for diagrams of
abelian groups over∆/C .
Remark 1.6. Though above we have worked for convenience only with
Thomason natural systems, we can define for any small category C and a
complete abelian category with exact products A the symbolic hom functor
HomC (−,−) : Fun(C ,Ab)
op × Fun(C ,A ) −→ A .
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It will have the same properties as in Theorem 1.5, especially we get an
isomorphism
HomC (Z,D) ∼= limCD
for the constant functor Z : C → Ab and for any functorD : C → A , which
extends to an isomorphism of the associated derived functors, i. e.
ExtnC (Z,D)
∼= limnCD.
Dually, if A is a cocomplete abelian category with exact coproducts, we
have the symbolic tensor product functor
−⊗C− : Fun(C
op,Ab)× Fun(C ,A ) −→ A .
We have an isomorphism
Z⊗CD ∼= colim
CD,
which extends to an isomorphism of the associated derived functors
TorCn (Z,D)
∼= colimCnD.
We refer the reader to [21, III.1, III.7] for the general theory and proofs
(see also [14, Sect. 2], [17]).
We can now characterize Thomason cohomology and homology of small
categories as cohomology and homology of the simplex category∆/C .
Theorem 1.7. Let A be complete abelian category with exact products. There are
isomorphisms, natural in C and in T : ∆/C → A , such that
HnTh(C , T )
∼= Extn∆/C (Z, T )
∼= limn∆/CT = H
n(∆/C , T ).
Proof. We construct a chain complex B∗ = {Bn, dn}, the generalized bar
resolution of the constant functor Z in the functor category Fun(∆/C ,Ab).
Let B∗ =
∐
∗
ZHom∆/C be the simplicial replacement of the functor
ZHom∆/C : (∆/C )
op → Fun(∆/C ,Ab), f 7→ ZHom∆/C (f,−).
so that, by definition of the simplicial replacement, we have
Bn =
∐
n
ZHom∆/C =
⊕
[n]
f
→C
ZHom∆/C (f,−) : ∆/C → Ab.
We have to show the following:
(1) If T : ∆/C → A is a Thomason natural system and
∏
∗T : ∆ → A
is its cosimplicial replacement, there is a natural isomorphism
Hom∆/C (B∗, T ) ∼=
∏∗
T.
(2) The complex B∗ is a free resolution of the constant Thomason
natural system Z : ∆/C → Ab.
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It will then follow that
Ext∗∆/C (Z, T )
∼= H∗(Hom∆/C (B∗, T )) ∼= H
∗(
∏
∗T ) = H∗Th(C , T )
as required.
The first part (1) holds since
Hom∆/C (Bn, T ) ∼=
∏
[n]
f
→C
Hom∆/C (ZHom∆/C (f,−), T (−)) ∼=
∏
[n]
f
→C
T (f).
For the second part (2) we observe that each Bn(g), for g : [m] → C
is the free abelian group on the set
⋃
[n]
f
→C
Hom∆/C (f, g) ∼= ∆([n], [m]).
That is, each B∗(g) is the contractible simplicial abelian group Z∆[m].
Thus B∗ is projective and weakly equivalent to Z in the functor category
Fun(∆/C ,Ab). 
Dually, we have the following identification of Thomason homology of
small categories:
Theorem 1.8. Let A be cocomplete abelian category with exact coproducts. There
are isomorphisms, natural in C and in T : (∆/C )op → A , such that
HThn (C , T )
∼= Tor(∆/C )
op
n (Z, T )
∼= colim(∆/C )
op
n T = Hn((∆/C )
op, T ).
Proof. This follows along the same lines as Theorem 1.7 using the
generalized bar resolution of the constant functor Z involving the dual
notions, namely the symbolic tensor product functor and its derived Tor-
functor as defined in Remark 1.6 for functors T : (∆/C )op → A . 
The following proposition describes the basic functoriality properties of
Thomason cohomology with respect to a pair of adjoint functors between
small categories:
Proposition 1.9. Let C and D be small categories, A a complete abelian category
with exact products and (ϕ,ψ) a pair of adjoint functors:
ϕ : D ⇄ C : ψ.
Then for any Thomason natural system T on C there is a natural isomorphism
H∗Th(D , ϕ
∗(T )) ∼= H∗Th(C , T ).
In particular, an equivalence of categories ϕ : D → C induces a natural
isomorphism
H∗Th(D , ϕ
∗(T )) ∼= H∗Th(C , T )
for any Thomason natural system T on C .
Proof. We observe that the adjoint pair (ϕ,ψ) induces an adjoint pair
(∆/ϕ,∆/ψ) of functors between the associated simplex categories ∆/C
and∆/D :
∆/ϕ : ∆/C ⇄ ∆/D : ∆/ψ.
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The statement now follows from Theorem 1.5 above and [8, Lemma 1.5, p.
10] with C = ∆/C , D = ∆/D and F = Z the constant Thomason natural
system.
In particular, by [18, Theorem IV.4.1] an equivalence of categories ϕ
is part of an adjunction between functors and so the second statement
follows. 
Dually, using similar arguments, we have the following results regarding
the basic functoriality of Thomason homology:
Proposition 1.10. Let C and D be small categories, A a cocomplete abelian
category with exact coproducts and (ϕ,ψ) a pair of adjoint functors:
ϕ : D ⇄ C : ψ.
Then for any contravariant Thomason natural system T on C there is a natural
isomorphism
HTh
∗
(D , ϕ∗(T )) ∼= HTh∗ (C , T ).
In particular, an equivalence of categories ϕ : D → C induces a natural
isomorphism
HTh
∗
(D , ϕ∗(T )) ∼= HTh∗ (C , T )
for any contravariant Thomason natural system T on C .
2. THOMASON (CO)HOMOLOGY AND SPECTRAL SEQUENCES
2.1. Thomason (co)homology in relation to other theories. Thomason
cohomology and homology defined in the first part generalize many other
constructions of cohomology and homology for small categories in the
literature. The coefficient systems of these theories can all be interpreted
as particular cases of Thomason natural systems.
Let us discuss the most important examples here (see also [2, 11]).
Recall first that the factorization category FC of a small category C is the
category whose object set is the set of morphisms of C and whose Hom-
sets FC (f, f ′) are the sets of pairs (α, β) such that f ′ = βfα,
b
β // b′
a
f
OO
a′.
f ′
OO
α
oo
There is a functor
ν : ∆/C → FC
defined on objects and morphisms by
ν
(
C0
f1
←− C1
f2
←− · · ·
fm
←− Cm
)
= (C0
f1◦···◦fm
←−−−−−− Cm)
ν
(
([m], f)
σ
−→ ([n], g)
)
= (Cm
gσ(m)+1◦···◦gn
←−−−−−−−−− Dn, D0
g1◦···◦gσ(0)
←−−−−−−− C0)
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In the cases σ(m) = n or σ(0) = 0 the terms on the right hand side of the
last equation are the identity maps Cm ← Dn and D0 ← C0 respectively.
We now have the following diagram of six categories and functors
between them, in which C is a fixed small category:
∆/C
ν
−→ FC
pi
−→ C op × C
p
−→ C
q
−→ pi1C
t
−→ 1.
In this diagram, ν is the functor introduced above, pi is the forgetful functor,
p is the projection to the second factor and q is the localization functor into
the fundamental groupoid pi1C = (MorC )
−1C ofC (see [10]). Furthermore,
1 is the terminal category, consisting of one object and one morphism, and
t is the canonical functor.
Now let A be a (co)complete abelian category with exact (co)products,
as above. Pre-composition with the functor ν induces a functor between
functor categories
ν∗ : Fun(FC ,A )→ Fun(∆/C ,A ),
and, more generally, pulling back functors from Fun(C ′,A ) via the
functors in the above diagram by pre-composition, where C ′ denotes
any of the six categories in it, induces Thomason natural systems on the
category C . We can therefore define various versions of cohomology and
homology of small categories for different types of coefficient systems,
which can then all be seen as special cases of Thomason cohomology or
homology. In some sense Thomason cohomology and homology are the
most general cohomology and homology theories one can define for small
categories as they generalize especially Baues-Wirsching cohomology and
homology. It is known that Baues-Wirsching cohomology generalizes the
classical cohomology theories studied for example by Watts [26], Mitchell
[19], Quillen [24] and others (see [2, Definition 1.18] and [11, Definition
1.11]). Particular examples include group and groupoid cohomology and
homology.
Definition 2.1. Let C be a small category and A a complete abelian
category with exact products for cohomology, or a cocomplete abelian
category with exact coproducts for homology. Then:
(i) D is called a Baues-Wirsching natural system if D is a functor of
Fun(FC ,A ). Define the cohomology H∗BW (C ,D) = H
∗
Th(C , ν
∗D)
and dually the homologyHBW
∗
(C ,D) = HTh
∗
(C , νop∗D).
(ii) M is called a C -bimodule if M is a functor of Fun(C op × C ,A ).
Define the cohomology H∗HM (C ,M) = H
∗
Th(C , ν
∗pi∗M) and dually
the homologyHHM
∗
(C ,M) = HTh
∗
(C , νop∗piop∗M).
(iii) F is called a C -module if F is a functor of Fun(C ,A ). Define
the cohomology H∗(C , F ) = H∗Th(C , ν
∗pi∗p∗F ) and dually the
homologyH∗(C , F ) = H
Th
∗
(C , νop∗piop∗pop∗F ).
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(iv) L is called a local system on C if L is a functor of Fun(pi1C ,A ).
Define the cohomology H∗(C , L) = H∗Th(C , ν
∗pi∗p∗q∗L) and dually
the homologyH∗(C , L) = H
Th
∗
(C , νop∗piop∗pop∗qop∗L).
(v) A is a trivial system on C if A is an abelian group (resp. an object
in A ), i. e. a functor of Fun(1,Ab) (resp. a functor of Fun(1,A )).
Define the cohomology H∗(C , A) = H∗Th(C , ν
∗pi∗p∗q∗t∗A) and
dually the homologyH∗(C , A) = H
Th
∗
(C , νop∗piop∗pop∗qop∗top∗A).
Note that the functors ν, pi, p, q, t above form natural transformations
between the different endofunctors of Cat, since for any functor ϕ : D → C
we have the following commutative ladder:
∆/D
ν //
∆/ϕ

FD
pi //
Fϕ

Dop ×D
ϕop×ϕ

p // D
ϕ

q // pi1D
pi1ϕ

t // 1
∆/C
ν // FC
pi // C op × C
p // C
q // pi1C
t // 1.
The various cohomology and homology theories can now be identified
with the ones known previously in the literature. We have the following
result:
Theorem 2.2. Let C be a small category and A a complete abelian category with
exact products. Then:
(i) (Baues-Wirsching) For any natural system D of Fun(FC ,A ) we have
isomorphisms, natural in C andD:
HnBW (C ,D)
∼= Extn∆/C (Z, ν
∗D) ∼= ExtnFC (Z,D).
(ii) (Hochschild-Mitchell) For any C -bimodule M of Fun(C op × C ,A ) we
have isomorphisms, natural in C andM :
HnHM (C ,M)
∼= Extn∆/C (Z, ν
∗pi∗M) ∼= ExtnC op×C (ZC ,M).
(iii) For any C -module F of Fun(C ,A ) we have isomorphisms, natural in C
and F :
Hn(C , F ) ∼= Extn∆/C (Z, ν
∗pi∗p∗F ) ∼= ExtnC (Z, F )
∼= limnCF.
(iv) For any local system L on C of Fun(pi1C ,A ) we have isomorphisms,
natural in C and L:
Hn(C , L) ∼= Extn∆/C (Z, ν
∗pi∗p∗q∗L) ∼= Extnpi1C (Z, L)
∼= limnpi1CL
∼= Hn(BC , L)
where BC is the classifying space of the small category C .
Proof. The statement of (i) follows directly from the description of the
associated cosimplicial replacements for Thomason and Baues-Wirsching
natural systems T and D, which give rise to the respective Thomason
and Baues-Wirsching cochain complexes (see Definition 1.3 and for the
Baues-Wirsching cochain complex [2, Definition 1.4], [11, Definition 1.8]).
Both types of natural systems give rise to the same cosimplicial object
([27, Proposition 2.8]) and therefore induce isomorphic cohomologies. The
stated isomorphisms now follows from 1.7 and Remark 1.6 by using the
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symbolic Hom and its derived Ext-functor in the case of functors from
the factorization category FC . For A = Ab the isomorphism between
Baues-Wirsching cohomology and the Ext-group was already proved in [2,
Proposition 8.5].
Naturality of the isomorphisms follows now from the naturality diagram
above, that is, ν∗(Fϕ)∗D = (∆/ϕ)∗ν∗D, for any functor ϕ : D → C and any
Baues-Wirsching natural systemD of Fun(FC ,A ).
The statements (ii), (iii) and (iv) also follow directly from the
characterization of Thomason cohomology as in Theorem 1.7 and as in
part (i) using characterizations of the respective cohomology theories via
the symbolic Hom and its derived Ext-functors utilizing Remark 1.6 for
functors from C op × C , C , and pi1C .
Naturality of the isomorphisms follows similarly to (i), from the
naturality ladder above using the appropriate square depending on which
case (ii), (iii) or (iv) we are considering. 
Dually, we have a similar characterization for the various homology
theories of a small category:
Theorem 2.3. Let C be a small category and A a cocomplete abelian category
with exact coproducts. Then:
(i) (Baues-Wirsching) For any natural systemD of Fun((FC )op,A )we have
isomorphisms, natural in C andD:
HBWn (C ,D)
∼= Tor
(∆/C )op
n (Z, νop
∗D) ∼= Tor
(FC )op
n (Z,D).
(ii) (Hochschild-Mitchell) For any C -bimodule M of Fun(C × C op,A ) we
have isomorphisms, natural in C andM :
HHMn (C ,M)
∼= Tor
(∆/C )op
n (Z, νop
∗piop∗M) ∼= TorC×C
op
n (ZC ,M).
(iii) For any C -module F of Fun(C op,A ) we have isomorphisms, natural in
C and F :
Hn(C , F ) ∼= Tor
(∆/C )op
n (Z, νop
∗piop∗pop∗F ) ∼= TorC
op
n (Z, F )
∼= colimC
op
n F.
(iv) For any local system L on C of Fun(pi1C ,A ) we have isomorphisms,
natural in C and L:
Hn(C , L) ∼= Tor
(∆/C )op
n (Z, νop
∗piop∗pop∗qop∗L) ∼= Torpi1Cn (Z, L)
∼= colimpi1Cn L
∼= Hn(BC , L)
where BC is the classifying space of the small category C .
Proof. The proofs are just dual to those of the preceding theorem and follow
from the characterization of Thomason homology in Theorem 1.8 and using
the symbolic tensor product functor and its derived Tor-functor for functors
from the various categories (FC )op, C × C op, C op and pi1C . 
As an immediate consequence we obtain the following theorem on the
basic functoriality of Baues-Wirsching cohomology due to Muro [20] and
proved also by Pirashvili and Redondo [22]:
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Corollary 2.4. Let C and D be small categories, A a complete abelian category
with exact products and (ϕ,ψ) a pair of adjoint functors:
ϕ : D ⇄ C : ψ.
Then for Baues-Wirsching natural systems C on C and D on D there are natural
isomorphisms
H∗BW (D , ϕ
∗(C)) ∼= H∗BW (C , C)
H∗BW (C , ψ
∗(D)) ∼= H∗BW (D ,D).
Proof. This follows from the definition of Baues-Wirsching cohomology
as induced by Thomason cohomology in Definition 2.1 and the general
functoriality properties of Thomason cohomology in Theorem 1.9. 
Dually, we have also a version of this functoriality property for Baues-
Wirsching homology using Theorem 1.10.
Corollary 2.5. Let C and D be small categories, A a cocomplete abelian category
with exact coproducts and (ϕ,ψ) a pair of adjoint functors:
ϕ : D ⇄ C : ψ.
Then for contravariant Baues-Wirsching natural systems C on C and D on D
there are natural isomorphisms
HBW
∗
(D , ϕ∗(C)) ∼= HBW∗ (C , C)
HBW
∗
(C , ψ∗(D)) ∼= HBW∗ (D ,D).
Baues and Wirsching introduced Baues-Wirsching cohomology in [2] to
study linear extensions of categories. A homology version was introduced
by the authors in [11]. The cohomology and homology theories for C -
bimodule coefficients in Theorem 2.2 (ii) are the ones normally referred to
as Hochschild-Mitchell cohomology [6, 19]. Special cases of Theorem 2.2 (iii)
have been studied by Watts [26], Roos [25] and Quillen [24].
All these cohomology and homology theories enjoy the basic functorial-
ity properties as in the corollaries above. They also generalize cohomology
and homology of groupoids G , where a groupoid is a category in which all
morphisms are isomorphisms. Therefore they in turn also generalize group
cohomology and homology, where a group G is interpreted as a category
with one object and morphism set G.
2.2. Functoriality of Thomason (co)homology and spectral sequences.
Given a functor between small categories, we will now derive several
spectral sequences for Thomason cohomology and homology.
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Let us consider a functor u : E → B between small categories and the
following commutative ladder of categories and functors:
∆/E
ν //
∆/u

FE
pi //
Fu

E op × E
uop×u

p // E
u

q // pi1E
pi1u

t // 1
∆/B
ν // FB
pi // Bop ×B
p // B
q // pi1B
t // 1
We deal with all the different types of coefficient systems at once in
writing C for any of the categories in the lower row of the above ladder
and denote by u′ : ∆/E → C the associated composition of functors.
Furthermore, let A be a complete abelian category with exact products.
We get in each case a diagram of the form:
Fun(∆/E ,A )
u′
∗
//
lim∆/E
##❍
❍❍
❍❍
❍❍
❍❍
❍❍
❍❍
❍❍
❍❍
❍❍
Fun(C ,A )
u′∗oo
limC
{{①①
①①
①①
①①
①①
①①
①①
①①
①①
A
c
;;①①①①①①①①①①①①①①①①①①
c
cc❍❍❍❍❍❍❍❍❍❍❍❍❍❍❍❍❍❍❍
where c denotes the constant diagram functor, u′∗ is pre-composition with
u′, and the other functors in the diagram are the right adjoints of these,
given by the limits lim∆/E , limC and by u
′
∗
= Ranu′ .
We obtain a spectral sequence for the derived functors of the composite
functor
lim∆/E (−) = limC u
′
∗
(−)
which is an Andre´ spectral sequence as constructed by the authors in
generality in [11, Section 1.1] (see also [1]). Here it converges to the
Thomason cohomology of E with coefficients T from Fun(∆/E ,A ) being
a Thomason natural system. Therefore [11, Theorem 1.2] gives a first
quadrant cohomology spectral sequence of the form:
Ep,q2
∼= Hp(C , Ran
q
u′(T ))⇒ H
p+q
Th (E , T )
HereRanqu′ is the q-th right satellite ofRanu′ , the right Kan extension along
the functor u′. Finally, identifying the terms in the E2-page of the spectral
sequence using [11, Corollary 1.3] gives us:
Ep,q2
∼= Hp(C ,Hq(−/u′, T ◦Q(−)))⇒ H
p+q
Th (E , T )
For each object c of C recall that Hq(c/u′, T ◦Q(c)) is the derived limit
limq
(
c/u′
Q(c)
−→ ∆/E
T
−→ A
)
and Q(c) : c/u′ → ∆/E is the forgetful functor.
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In particular cases the E2-page can be simplified. For example in the
case C = ∆/B with u′ = ∆/u considered above, we get the following
Leray type spectral sequence:
Theorem 2.6. Let E and B be small categories and u : E → B a functor.
Let A be a complete abelian category with exact products. Given a Thomason
natural system T : ∆/E → A on E , there is a first quadrant cohomology spectral
sequence
Ep,q2
∼= H
p
Th(B, (R
q∆/u∗)(T ))⇒ H
p+q
Th (E , T )
which is functorial with respect to natural transformations and where Rq∆/u∗ =
Ranq∆/u is the q-th right satellite of Ran∆/u, the right Kan extension along the
induced functor∆/u between the simplex categories.
With the identification of the terms in the E2-page above we get
therefore:
Corollary 2.7. Let u : E → B be a functor between small categories and A
a complete abelian category with exact products. Let T : ∆/E → A be a
Thomason natural system on E . Then there exists a first quadrant cohomology
spectral sequence of the form
Ep,q2
∼= H
p
Th(B,H
q(−/∆/u, T ◦Q(−)))⇒ Hp+qTh (E , T )
which is functorial with respect to natural transformations and where
Hq(−/∆/u, T ◦Q(−)) = limq
−/∆/u(T ◦Q
(−)) : ∆/B → A .
In the special situation that the functor u is part of an adjoint pair of
functors or an equivalence of categories this spectral sequence collapses in
the E2-page and we simply recover Proposition 1.9.
For the particular case C = FB and
u′ = ν ◦∆/u = Fu ◦ ν : ∆/E −→ C
with a given Thomason natural system T : ∆/E → A on E we get the
following spectral sequence as a special case:
Ep,q2
∼= Hp(FB, Rq(Fu ◦ ν)∗(T ))⇒ H
p+q
Th (E , T )
which after identifying the various terms involved gives a spectral
sequence for Thomason cohomology in terms of Baues-Wirsching
cohomology:
Theorem 2.8. Let E and B be small categories and u : E → B a functor. Let
A be a complete abelian category with exact products. Given a Thomason natural
system T : ∆/E → A , there is a first quadrant cohomology spectral sequence
Ep,q2
∼= H
p
BW (B, R
q(Fu ◦ ν)∗(T ))⇒ H
p+q
Th (E , T )
which is functorial with respect to natural transformations and where Rq(Fu ◦
ν)∗ = Ran
q
Fu◦ν is given as the q-th right satellite of RanFu◦ν , the right Kan
extension along Fu ◦ ν.
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Again we can identify the terms in the E2-page of the spectral sequence
with concrete fiber data and get:
Corollary 2.9. Let u : E → B be a functor between small categories. Let A be a
complete abelian category with exact products. Given a Thomason natural system
T : ∆/E → A , there is a first quadrant cohomology spectral sequence
Ep,q2
∼= H
p
BW (B,H
q(−/Fu ◦ ν, T ◦Q(−)))⇒ Hp+qTh (E ,D)
which is functorial with respect to natural transformations and where
Hq(−/Fu ◦ ν, T ◦Q(−)) = limq
−/Fu◦ν(T ◦Q
(−)) : FB → A .
In the special case that T = ν∗D for a Baues-Wirsching natural system
D : FE → A on E we can further identify the E2-term of the spectral
sequence in Theorem 2.8 and get a spectral sequence for Baues-Wirsching
cohomology:
Ep,q2
∼= H
p
BW (B, R
q(Fu∗)(D))⇒ H
p+q
BW (E ,D)
Similarly, we can identify the E2-page in terms of local fiber data as
in Corollary 2.9. This spectral sequence describes directly the functorial
behaviour of Baues-Wirsching cohomology for functors between small
categories. (see also [11, Theorem 1.14]).
Dually, with similar arguments as above we can derive homological
versions of the spectral sequences for Thomason homology of categories.
Theorem 2.10. Let E and B be small categories and u : E → B a functor. Let
A be a cocomplete abelian category with exact coproducts. Given a contravariant
Thomason natural system T : ∆/E → A on E , there is a third quadrant
homology spectral sequence
E2p,q
∼= HThp (B, (Lq∆/u
∗)(T ))⇒ HThp+q(E , T )
which is functorial with respect to natural transformations, where Lq∆/u
∗ =
Lan
∆/u
q is the q-th left satellite of Lan∆/u, the left Kan extension along ∆/u.
Proof. This is simply dual to the statement of Theorem 2.6 and follows
from the dual Andre´ homology spectral sequence involving the higher
derived functors of colim∆/CD in the description of Thomason homology
HThn (C , T ) (see also [1] and [10, Appendix II.3]). 
We can identify the E2-page of this spectral sequence and get:
Corollary 2.11. Let E and B be small categories and u : E → B a functor. Let
A be a cocomplete abelian category with exact coproducts. Given a contravariant
Thomason natural system T : ∆/E → A on E , there is a third quadrant
cohomology spectral sequence
E2p,q
∼= HThp (B,Hq(∆/u/−, T ◦Q(−)))⇒ H
Th
p+q(E , T )
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which is functorial with respect to natural transformations and where
Hq(∆/u/−, T ◦Q(−)) = colim
∆/u/−
q (T ◦Q(−)) : ∆/B → A .
Proof. We can identify the E2-term in the above homology spectral
sequence as follows (see [1], [5], [14])
Lan∆/uq (T )
∼= colim∆/u/βq T ◦Q∗
which gives the desired homology spectral sequence. 
In the special situation that u is part of an adjoint pair or an equivalence
of categories we will recover Proposition 1.10.
Finally, in the particular case C = FB with u′ = ν ◦ ∆/u for a
contravariant Thomason natural system T : ∆/E → A on E we get the
homology spectral sequence
E2p,q
∼= Hp(FB, Lq(ν ◦∆/u)∗(T ))⇒ H
Th
p+q(E , T )
which after identifying the various terms gives the following spectral
sequence for Baues-Wirsching homology, which is dual to the one of
Theorem 2.8:
Theorem 2.12. Let E and B be small categories and u : E → B a functor. Let
A be a cocomplete abelian category with exact coproducts. Given a contravariant
Thomason natural system T : ∆/E → A , there is a third quadrant homology
spectral sequence
E2p,q
∼= HBWp (B, Lq(Fu ◦ ν∗)(T ))⇒ H
Th
p+q(E , T )
which is functorial with respect to natural transformations and where Lq(Fu ◦
ν)∗ = Lan
Fu◦ν
q is given as the q-th left satellite of Lan
Fu◦ν , the left Kan extension
along Fu ◦ ν.
We can again identify the terms in the E2-page of the spectral sequence
and obtain:
Corollary 2.13. Let u : E → B be a functor between small categories and
A a cocomplete abelian category with exact coproducts. Given a contravariant
Thomason natural system T : ∆/E → A , there is a third quadrant homology
spectral sequence
E2p,q
∼= HBWp (B,Hq(Fu ◦ ν/−, T ◦Q(−)))⇒ H
Th
p+q(E , T )
which is functorial with respect to natural transformations and where
Hq(Fu ◦ ν/−, T ◦Q(−)) = colim
Fu◦ν/−
q (T ◦Q(−)) : B
op ×B → A .
As in the particular case T = ν∗D with a contravariant Baues-Wirsching
natural system D : FE → A on E we can identify the E2-term of this
spectral sequence similarly as in Theorem 2.8 to obtain a spectral sequence
for Baues-Wirsching homology of the form (see also [11, Theorem 1.18]):
E2p,q
∼= HBWp (B, Lq(Fu∗)(D))⇒ H
BW
p+q (E ,D)
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We can also derive cohomology and homology spectral sequences for
all the other types of coefficient systems like E -modules, local systems
or trivial systems. The proofs go along the same lines of arguments as
for Thomason natural systems, using the above ladder of categories and
functors and the interpretation of the classical theories as special cases of
Thomason cohomology and homology.
2.3. Thomason (co)homology for Grothendieck fibrations. We will now
study the spectral sequences we have just constructed in the particular
situation when the functor between small categories is a Grothendieck
fibration. Applying the spectral sequence constructions of the preceding
paragraph to such a situation allows to identify the E2-pages with simpler
cohomology and homology data which keep track of the concrete fiber of
the functor. These constructions also generalize similar spectral sequences
for Baues-Wirsching cohomology as were discussed in [11] and the line of
arguments here is very similar.
For a given functor u : E → B between small categories E and B
and a given object b of B, recall that the fiber category Eb = u
−1(b) is the
subcategory of E which fits into the following pullback diagram
Eb
//

E
u

∗
b // B.
The objects of Eb are those objects of E which map onto b via the functor u
and the morphisms are given by those which map to the identity 1b.
We have the following notion of a fibration between small categories due
to Grothendieck [13, Expose´ VI]:
Definition 2.14. Let E and B be small categories. A Grothendieck fibration
is a functor u : E → B such that the fibers Eb = u
−1(b) depend
contravariantly and pseudofunctorially on the objects b of the category B.
The category E is also called a category fibered over B.
Let us recall here the following equivalent explicit description of a
Grothendieck fibration [13], [3, Vol. 2, 8.3.1]. A functor u : E → B is a
Grothendieck fibration if for each object b of B the inclusion functor from
the fiber into the comma category
jb : Eb → b/u, e 7→ (e, b
=
−→ ue)
is coreflexive, i. e. has a right adjoint left inverse. Grothendieck fibrations
are characterized as pseudofunctors. In fact, there is an equivalence of 2-
categories
Fib(B)
≃
↔ PsdFun(Bop,Cat)
between the 2-category of Grothendieck fibrations Fib(B) over a
small category B and the 2-category of contravariant pseudofunctors
PsdFun(Bop,Cat) from B to the category Cat of small categories.
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From now on let us assume that the functor u : E → B is a Grothendieck
fibration and T : ∆/E → A a Thomason natural system on the category E ,
where A is again a complete abelian category with exact products.
We get a local systemHqTh(G(−), T |∆/E(−)) : B → A from the associated
pseudofunctorG : Bop → Cat by assigning to every object b of the category
B the q-th Thomason cohomology of the category G(b)
HqTh(G(−), T |∆/E(−) ) : B → A , b 7→ H
q
Th(G(b), T |∆/Eb )
where the coefficients are given by the Thomason natural system T |∆/Eb :
∆/Eb → A .
For each object b of the base category B we get now a cartesian diagram
Eb
=

jb // b/u
Qb

Eb

ib //

E
u

∗
b // B.
LetRb denote the right adjoint functor of the inclusion functor jb and let Tb
denote the Thomason natural system on b/u given by the composition
Tb : ∆/(b/u)
∆/Rb
−−−→ ∆/Eb
∆/ib
−−−→ ∆/E
T
−→ A .
The discussion in the last paragraph gives a first quadrant cohomology
spectral sequence using the equivalence between Grothendieck fibrations
and pseudofunctors:
Ep,q2
∼= Hp(B,H
q
Th(−/u, T(−)))⇒ H
p+q
Th (E , T )
This spectral sequence is functorial with respect to 1-morphisms,
i.e. natural transformations betweenGrothendieck fibrations. It generalizes
a similar spectral sequence for Baues-Wirsching cohomology constructed
before by Pirashvili-Redondo [22].
To summarize, we have constructed the following particular cohomol-
ogy spectral sequence:
Theorem 2.15. Let E and B be small categories and let u : E → B be a
Grothendieck fibration. Given a Thomason natural system T : ∆/E → A on
E , where A is a complete abelian category with exact products, there is a first
quadrant spectral sequence
Ep,q2
∼= Hp(B,H
q
Th(−/u, T(−)))⇒ H
p+q
Th (E , T )
which is functorial with respect to 1-morphisms of Grothendieck fibrations.
To identify the E2-term of this spectral sequence with local data of the
fiber category we introduce the following notion, corresponding to the
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property of h-locality for Baues-Wirsching natural systems introduced in
[22].
Definition 2.16. LetA be a complete abelian category with exact products.
A Thomason natural system T : ∆/E → A is called local if the adjoint
functor Rb of the inclusion functor jb : Eb → b/u induces an isomorphism
in Thomason cohomology
HqTh(b/u, Tb)
∼= H
q
Th(Eb, T ◦∆/ib)
for every q and every object b of the base categoryB, i. e. we have a natural
isomorphism of local coefficient systems
HqTh(−/u, T(−))
∼= H
q
Th(E(−), T ◦∆/i(−)).
Identifying the E2-page of the above spectral sequence, we get the
following spectral sequence:
Theorem 2.17. Let A be a complete abelian category with exact products. Let E
and B be small categories and u : E → B be a Grothendieck fibration. Given
a local Thomason natural system T : ∆/E → A on E , where A is a complete
abelian category with exact products, there is a first quadrant spectral sequence
Ep,q2
∼= Hp(B,H
q
Th(E(−), T ◦∆/i(−)))⇒ H
p+q
Th (E , T )
with the local coefficient system
HqTh(E(−), T ◦∆/i(−)) : B → A , b 7→ H
q
Th(Eb, T ◦∆/ib).
Furthermore, the spectral sequence is functorial with respect to 1-morphisms of
Grothendieck fibrations.
Proof. The construction of the cohomology spectral sequence in Theorem
2.15 and the definition of a local Thomason natural system T : ∆/E → A
on the total category E give the desired identification of the E2-page of the
spectral sequence. 
Using the obvious dual notions of all the above constructions we can
derive a homology version of the spectral sequence for a Grothendieck
fibration:
Theorem 2.18. LetA be a cocomplete abelian category with exact coproducts. Let
E and B be small categories and u : E → B be a Grothendieck fibration. Given
a colocal contravariant Thomason natural system T : ∆/E → A on E , where A
is a cocomplete abelian category with exact coproducts, there is a third quadrant
spectral sequence
E2p,q
∼= Hp(B,H
Th
q (E(−), T ◦∆/i(−)))⇒ H
Th
p+q(E , T )
with the local coefficient system
HThq (E(−), T ◦∆/i(−)) : B → A , b 7→ H
Th
q (Eb, T ◦∆/ib).
Furthermore, the spectral sequence is functorial with respect to 1-morphisms of
Grothendieck fibrations.
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Using the ladder of categories and functors we can also derive
various cohomology and homology spectral sequences for Baues-
Wirsching natural systems, bimodules, modules, local systems or trivial
systems. These spectral sequences will then relate the associated classical
cohomology and homology theories in a Grothendieck fibration.
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